Intro. To Fluid Viscosity

* The basic concept in fluid viscosity is Newton’s Law:

— When a fluid fills the void between two surfaces with different
velocities, a force exists on each surface that is directly
proportional to the surface area and velocity difference but
inversely proportional to the thickness of the void.

— Mathematically: F v,

F

F =Force (N or Ibs) —
A=area (m’ or ft*) Vi

AV = velocity difference =V, -V, (ft/sec)
Ay = thickness (m or ft)
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Intro. To Fluid Viscosity [2]

« The constant of proportionality is called the viscosity, p
(kg/m/sec or slug/ft/sec), so that:

AV

F:#ATyI

dv
"y

— Note that experimentation shows that there would be a linear
variation of velocity in this situation!

o Usually, we will be interested in the shear stress — the

shear force per unit area: F av
= —= /l _—
A dy
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Intro. To Conduction

¢ The basic concept in heat conduction is Fourier’s Law:

— When two differing temperatures occur on opposing sides of a
material, the rate of heat transfer through the material is directly
proportional to the surface area and temperature difference but
inversely proportional to the thickness.

— Mathematically:

T
g = heat transfer rate or heat flux (W or ft - Ib/sec) !

A

A=area (m” or ft*)
AT = temperature difference=T, - T, (°K or °R)
Ay = thickness (m or ft)
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Intro. To Conduction [2]

e The constant of proportionality is called the thermal
conductivity, k (W/m/°K or Ib/sec/°R), so that:

YL

Ay dy

— Where the negative sign is necessary if q is positive when
flowing in the positive y direction, but dT/dy < 0!

o Usually, we will be interested in the heat flux — the heat

transfer per unit area: g aT
g=—=—k—
A dy
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Laminar Versus Turbulent

e The previous relations are valid for either laminar or
turbulent flow.

* However, for laminar flow, both viscosity and

conductivity occur at a molecular level due to the

random motion of the particles.

In turbulent flow, the chaotic mixing of the flow, much

more efficient than particle motions, greatly increases

both the viscosity and conductivity.

As a result, we could separate the coefficients into

laminar and turbulent components — the former being a

property of the gas, the later a property of the flow:

dv . dT
T=(,U+,U,)7 q:—(k-{-kl)—
dy dy
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Introduction to Laminar Boundary Layers

« Finally, lets look at the topology of the interaction
between the wall and the fluid.

o We will initially restrict ourselves to laminar boundary
layers and assume steady flow conditions.

¢ We will also just consider the case of flat plate flow to
avoid complications due to surface curvature.

¢ The viscous no-slip condition at the wall interface results
in a viscous boundary layer as shown below:

V., = freestream velocity
y

u = horizontal | @ = visous boundary
velocity layer thickness

no-slip
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Introduction to Laminar BL's [2]

¢ At the same time, a thermal boundary layer develops as
heat is transferred between the wall and fluid:
T,, = fluid temperature

y
0, = thermal boundary
T layer thickness

i =surface temperature
Note that at the surface, T(x,y,z) = T, - the thermal
equivalent to no-slip.
This thermal equilibrium is due to both the need for
continuity and the low (zero!) flow velocities near the
wall allowing time to equilibrate.
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Introduction to Laminar BL's[3]

« The goal of viscous analysis will be to determine either
the wall shear stress and/or the wall heat transfer.

« These values at any point will be given by:

AL e
N ay wall ay wall

— The subscripts on the shear stress are meant to indicate a shear
in the x direction due to a velocity gradient in the y direction.
¢ These values will have to be integrated over the wall to
determine the overall force (drag) and/or the heat
transfer between wall and flow.
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Conservation Equations

¢ Since we now know that we need to solve the fluid
problem, let’s look a the governing equations.

¢ We will need to conserve mass, momentum (3-
directions), and energy in the boundary layer (B.L.).

« If we consider a small control volume in the B.L., a
general statement of conservation for steady state is:

The net rate at which
a property flow out

{The rate of production} dy

= dz

of that property inside dx
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Conservation Equations [2]

* Some textbooks go through a length development of

conservations equations for the most general case: 3-D,

compressible, fully viscous.

The resulting very complex, equations are usually known

as the Navier-Stokes Equations.

¢ In class, we will do a simpler development by making
assumptions valid for most boundary layers.

e Le.

— 2-D flow

— Viscous action normal to the surface only

The resulting equations are called the Boundary Layer

Equations and only apply to the viscous layer near the

surface!
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Mass Conservation

o Apply this conservation rule to mass for the 2-D case
below.

¢ The net rate of mass outflow is:
[pquaaﬂdx]dy pv+0ﬂdy ‘
X

oy
opv
+ pv+—ddex
[~
- pudy—pvdy
¢ Since there is no mass
production, we get: '[
dpu Opv _
ox  dy

| dy [

Opu
+——d
dx o ox

v
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Momentum Conservation

¢ Now consider momentum conservation - in particular
conservation of X momentum.

¢ In the diagram shown, realize

that pu is the property, while pv+6ﬂdy
both u and v are flux rates! oy
e Thus, the next flux out is: 5
7 [u +—dy] pu+ ;ﬂdx
ou Opu - N ox
u+—dx | pu+——dx |dy+
ox ox u ou
u +a—dx

u X
u+a—udy pv+aﬂdy dx
o o
pv

— pu’dy — puvdx
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Momentum Conservation [2]

» After expanding, cang:eljng terms, and dropping products
of differentials (like <£<”) as negligible, we get:

dy Oy

X momentum flux = opu + pua—u+ uaﬂ+ pv u dxdy
ox Ox oy oy

¢ Or, since by mass conservation:

opu __Opv
ox dy

« Doing the same process for Y momentum gives:

X momentum flux = (p u g—u +p va—u dxdy
X

Y momentum flux =| p v@ +p u@ dxdy
%% Ox
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Momentum Conservation [3]

e Momentum is produced by forces acting on the C.V.

« If we consider only pressure forces and shear in the x
direction, then:

p 01,
X production = (_i’l +—=

dxd) 6
ox 6y] g e Zay

X dy
Y production = 7%)dxdy ¥

0) e
o Setting net flux equal to » 'H&d
production gives: - D
0
X: Pua—u+ you__ % O
Ox oy ox Oy
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Momentum Conservation [4]

¢ We can now apply Newton's law of viscosity:
ou
oy
¢ Also, experimental evidence shows that in most B.L.'s,

both dp/dy and v are very small. As a result, the Y
momentum eqn. is much less important than the X.

o Thus, it is sufficient in a boundary layer to express
momentum conservation by:

ou u o a[ au]
pPU—+PV—=——F+—

T, =H 4 =laminar viscosity

> Py o My
@ _y
oy
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Energy Conservation
« Lastly, consider the fluxes of energy out of our C.V.

¢ Note that there will not only be advection (energy
carried by flow motion), but also conduction away from
the surface!

9 oh
(2T, 2 (o), [mﬂdyj(mfdyj
oy oyl oy {‘ o o

0 )
[pu +ﬂdx][h +ﬂdx]
puh Ox Ox
o ||
—k— pvh
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Energy Conservation [2]
e Summing the fluxes gives:

(pu +aﬂdx)(h+%¢v)dy+(pv+aﬂdy)(h+%dy]dx
ox ox oy oy

—[kal+i[k a—Tde]dx— puhdy - pvhd-+—k L dx
oy oy oy oy

« Or after canceling and dropping higher order terms:

8 0l (0o o) 0 f or )],
Ox oy 0; ay ) oy\ oy

« But, by mass conservation, the 3rd term is zero!
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Energy Conservation [3]

o Energy is generated by the rate at which work is done
by surface forces — pressure and friction.

¢ Since we are assuming negligible vertical velocities,
there is only work due to the horizontal flow:

Ou or,, or ap
+—d +—2dy |d Py gy | p+——dy
[u o y)(r“ yj x T, + o dy oy

Ou op ou 8
+u+—dx | p+—=dx |dx X @
[ ox )(p ox ) P ure W Pt
—ut,,dx —updx
- u
¢ Or, after canceling terms: —
ou ) op Lo P
U — | dxdy+u—
oy Ox
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Boundary Layer Equations

¢ Thus, our energy conservation is just:
ah oh o or\ o [aujz
+pv———|k—|=mu—+pu —
6x oy oyl oy Ox Ox
¢ And to summarize all of our conservation equations:

opu 0Py _
ox Oy
pu‘l“ pv‘il:,ﬂ+ﬁ[#‘l“] Bound_aryLayer
ox oy dx oy\' oy , | Equations
o oh_ofor\, dn. [0
L P o Y M Sy (P

— Note that the pressure gradient has been written to emphasize
that pressure is only a function of x and is equal to the pressure
at the edge of the boundary layer, p,.
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Navier-Stokes Equations
e By comparison, the 2-D Navier-Stokes equations look

like: Opu 3pv —0
ox
pua—qu ou _ 7(77p ki (7\/ f)u +£ ~I7)+2y0”}
ox oy Ox 6y 6x 6y é‘x Ox
pu@-# av 517 6 ,u a— a— i 7~I7)+2,u@
Ox dy 6y Ox ay 6y oy
Oh oh = 0 ov  Ou 0 ov  Ou
—+p—=V-(kVT)+V- +— — +— —+—
Pt P WD BTy Mﬁ @yﬂ ay{””[ﬁx @j}
0 = - ou 0 = - v
+—|u| A\V-V)+2u—||+—|| AUV -V )+2u—
a2l (a2
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Non-Dimensional Equations

» Before attempt to solve the governing Boundary Layer
equations just derived, consider what can be learned by
non-dimensionalizing them.

* To obtain non-dimension distances velocities, divide by
some characteristic length and the freestream velocities,
respectlvely

g% =2 g % v
L L v, .
« For temperature , density and pressure, also use
freestream conditions:
p= P 7o T p= Pe_
Pa T, w..
o Also assume thermally perfect and isotropic properties:
dh=c,dT 4 = constant k = constant
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Non Dimensional Equations [2]

* While the other properties are constants and are left
alone (including density!).

» After inserting these definitions into our B.L. egns:

o oy _,
&
o 7 2
Py L
ox oy p V. )dx \pV.L)oy

oT _oT k VT ( w, Ldp uv, [55)2
pu—+py—= —+ w—+ —
ox & |\ p.c,V.L)oy p.c, . ) dx \ pc, LT, \ox

« Now consider the grouping of terms inside the brackets.
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Non Dimensional Equations [3]

« From gas dynamics, the first term resolves into a
function of the Mach number, M:

we. _a, 1 Ve

2 2

py: VI oM a,
Literally, the Mach number is the ratio of the flo
velocity to the speed of sound, a.

Practically, the Mach number is a good measure of the

compressibility of a fluid.

e For M < 0.3, the fluids density is constant for all
practical purposes.

e For M > 0.3, changes in density must be taken into
account.
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Non Dimensional Equations [4]
¢ The second grouping of terms is called the Reynolds
number, Re, based on the length L:
v 1
£ Y- Re =LVl
o V.L V,L Re, L P
The Reynolds number is the ratio of flow momentum to
fluid viscosity.
e For low Re's (<100), viscosity dominates the flow and
the viscous boundary layer is very thick.
o At high Re’s (> 1e6), the B.L. becomes thin and viscous
effects are only important near the surface.
Note also the term v=p/p which is called either the
kinematic viscosity or the viscous diffusivity.
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Non Dimensional Equations [5]

¢ The next group of terms can be written as the product of
Reynolds number and a new term, the PrandIlt number,

Pr.
k__w (k) 1 [Lj
puc VL pV,L\c,u) Re \Pr

C
Pr= [
k

e The Prandlt number is the ratio of viscous to thermal

diffusivities.

¢ When large (as in oils), the viscous boundary layer is
much larger than the thermal boundary layer.

* When small (as in liquid metals), the opposite is true.
e When Pr ~ 1 (as in gasses), they are about equal in size!
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Non Dimensional Equations [6]

y
5{
Liquid Metals T
Pr<<1
5 _
u
= 1.0
y
51
)
Gasses _
Pr=1 T
u
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Non Dimensional Equations [7]

* Note that the product of Re, and Pr may be used by

itself and is called the Peclet number,

¢ And, the last term is composed of the Reynolds number

and the Eckert number, Ec:

W, _ u [%]_Ec
pmchTw p.V,.L cpTua Re,

2
Boe Ve
c,(T,-T.)

e The Eckert number is the ratio of the flow energy to the

B.L. enthalpy difference.

Generally, the Eckert number is useful in cases where

heating from flow friction (aeroheating) becomes

important.
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Non Dimensional Equations [8]
« With these definitions, our B.L. equations become:

o 007,

& o
N
P e M Re, &

— — = —\2
O 0T 1 a—€+( —1)17513+E[6—?]
ox dy Re,Proy ox Re, \ dx
¢ Thus, when solved, we would get solutions of u, vand T
in the form:
i=f(M,Re,) 7= f(M.Re,)

f:f(M,ReL,Pr,Ec,y)
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